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In this brief note we present a set of equations describing the evolution of perturbed scalar fields
in a cosmological spacetime with multiple scalar fields. We take into account of the simultaneously
excited full metric perturbations in the context of the uniform-curvature gauge which is known to be
the best choice. The equations presented in a compact form will be useful for handling the structure
formation processes under the multiple episodes of inflation.
Doule inflation recently attracted much attention in
the literature because it allows more freedom in design-
ing the spectrums of the large scale structures in the gen-
eration stage. There have been many attempts to calcu-
late the generated large scale spectrums with multiple
episodes of inflation [1,2]. In this note we will address
an important point needed when we properly handle the
quantum generation and classical evolution processes of
the structures in relativistic gravity, namely, the gauge
issue.
Past development in the field shows that the proper
gauge choice is essential for properly handling the cos-
mological perturbations in relativistic gravity. Under the
proper gauge condition the analysis including the metric
perturbations allows more general and consistent result
compared with the one ignoring them; examples are the
case of the minimally coupled scalar field [3] and the gen-
eralized gravity theories [4]. From a thorough study made
in various gauge conditions we found that the uniform-
curvature gauge choice fits the problems involving the
scalar field [5]. However, all previous works on estimat-
ing the perturbation spectrum generated from multiple
inflation stages are based on either other gauge [1] or
ignoring the perturbed metric contributions [2]. As a
matter of fact, similar situation prevails even in the case
of the single scalar field. Since the proper gauge choice
is known in the literature, it is not economic to continue
work in other gauge conditions. Furthermore, under the
proper gauge condition, the equation including the per-
turbed metric looks no more complicated than ignoring
it. For the benefit of future studies, in this note we would
like to present the perturbed scalar field equations valid
for the multiple minimally coupled scalar fields in the
uniform-curvature gauge. The result is in Eq. (7).
We consider Einstein gravity with multiple minimally
coupled scalar fields with a general potential
L =
1
16piG
R−
n∑
k=1
1
2
φ(k)
;aφ(k),a − V (φ(j)), (1)
where φ(i)’s are the scalar fields and V is a general func-
tion of φ(i)’s; i, j, k = 1 . . . n, with n arbitrary positive
integer.
As a cosmological model describing the perturbed uni-
verse, we consider a homogeneous and isotropic (flat)
background with the general scalar type perturbations
[6]
ds2 = − (1 + 2α) dt2 − aχ,αdtdx
α
+ a2δαβ (1 + 2ϕ) dx
αdxβ , (2)
where α(x, t), χ(x, t), and ϕ(x, t) are the scalar type
metric perturbations. We consider perturbations in the
scalar fields as
φ(i)(x, t) = φ¯(i)(t) + δφ(i)(x, t), (3)
where a background quantity is indicated by an overbar
which will be neglected unless necessary. The equations
describing the background universe are presented in Eqs.
(21,65) and below Eq.(88) of [7]:
H2 =
8piG
3
(
1
2
n∑
k=1
φ˙2(k) + V
)
, (4)
φ¨(i) + 3Hφ˙(i) + V,φ(i) = 0, (5)
where H ≡ a˙/a.
The equations describing the perturbed part of the
scalar fields and the metric are presented in Eqs.(88,89)
of [7] without choosing the temporal gauge condition, i.e.,
in a gauge ready form [8]. We introduce gauge invariant
combinations
δφ(i)ϕ ≡ δφ(i) −
φ˙(i)
H
ϕ, (6)
which is δφ(i) in the uniform-curvature gauge which takes
ϕ = 0 as the gauge condition. Under this gauge condi-
tion, the perturbed part equations involving the metric
and scalar fields can be organized in the following com-
pact forms
δφ¨(i)ϕ + 3Hδφ˙(i)ϕ −
1
a2
∇
2δφ(i)ϕ
+
n∑
k=1
[
V,φ(i)φ(k) −
8piG
a3
(
a3
H
φ˙(i)φ˙(k)
)
·
]
δφ(k)ϕ = 0.
(7)
This set of equations is the main result of this note. These
are coupled second order differential equations for δφ(i)ϕ.
1
The coefficients follow the background equations in Eqs.
(4,5). Thus, if we have a multiple inflation scenario sat-
isfying Eqs. (4,5) the evolution of the perturbations can
be followed by using Eq. (7). The second term in the
bracket is originated from considering the perturbed met-
ric contribution, see Eq. (88) of [7]. We note two points:
First, the perturbed metric contribution does not look
complicated, and second, we believe that properly tak-
ing into account of the term will make further analyses
self-consistent and rewarding. In order to illustrate the
second point we summarize the result for a single com-
ponent.
In the case of a single component Eq. (7) becomes
δφ¨ϕ + 3Hδφ˙ϕ +
[
−
1
a2
∇
2
+ V,φφ + 2
H˙
H
(
3H −
H˙
H
+ 2
φ¨
φ˙
)]
δφϕ = 0. (8)
This equation was derived in [3] and has unexpected in-
teresting consequences: First, it has general asymptotic
solutions. For example, in the large scale limit we have
δφϕ(x, t) =
φ˙
H
[
−C(x) +D(x)
∫ t H2
a3φ˙2
dt
]
, (9)
which is valid for the general V (φ). We note that such
a general solution is not available if we ignore the met-
ric contributions. Second, using Eq. (8) the quantum
fluctuations of δφˆ can be derived in exact analytic forms
when the background scale factor follows the exponential
or power-law type inflationary behaviors; see [3].
The recently popular extended inflation scenario nec-
essarily involves an additional inflation field. There were
many attempts to calculate generated density spectrum
in the scenario [9]. However, none of the work recognized
the role of the uniform-curvature gauge, and furthermore,
all works in [9] are based on the conformal transformation
technique the validity of which is dubious especially for
handling the quantum generation processes. A thorough
study in various gauge conditions in [10] shows that the
uniform curvature gauge again suits for handling the gen-
eralized gravity theories. Perturbed set of equations in
the case of generalized gravity with multiple minimally
coupled scalar fields is presented in Sec. 4.2 of [7] in
the gauge ready form; the equations are presented in the
original frame of generalized gravity.
Many of the previous works in [1,2,9] may deserve an-
other look with a new perspective of the proper gauge.
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